
             IJMIE           Volume 4, Issue 10           ISSN: 2249-0558 
_________________________________________________________ 

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories 
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A. 

International Journal of Management, IT and Engineering 
http://www.ijmra.us 

 
205 

October 
2014 

 

INVERSE PROPERTY LOOPS AND THE ITS NUCLEUS 

 

Ademola, Lois Adewoye
*
 

 

ABSTRACT 

In this paper we give a detailed and step by step proof of the coincidence of the nucleus  of a 

loop   that is equiped with the inverse property. We further considered some properties of the  

inner mappings of . 
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INTRODUCTION 

A major concern of researchers has been how to clearly present their findings to the general 

populace. We preseent a detailed and well presented proof of one major theorem of  R. Hubert 

Bruck. There have been several findings in the area of  the Loops and some of these researches 

are those of R. H. Bruck, 1971 as earlier mentioned, H.O. Pflugfelder,1990 and A. Drapal, 2010. 

 

BASIC DEFINITIONS 

 

Definition 1 

 A nonempty set  with a binary operation is called a Loop. 

 

Definition 2 

A groupoid  is said to have the left inverse property if for each  there is atleast one  

such that 

 for all . i.e  

 

 is said to have the right inverse property if for each  there is atleast one  such that 

 for all . i.e  

If   has both the the left inverse property and the the right inverse propert, then   is said to 

have the inverse property. It is also called IP-loop. 

 

Definition 3 

A Loop satisfying 

 
 is called a Moufang Loop. 

 

Definition 4 

A Moufang Loop , is said to have a Nucleus denoted .  is defined as the set of all elements 

which associate with every pair of element of  i.e 

 iff for all  

 

 

 

Definition 5 
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An Isomorphism from a group  to itself is called an automorphism of this group. That is a 

bijection such that if given a mapping G, then 

 for all . 

 

 

Definition 6 

An element of an inverse property Loop  is called a Moufang element of G provided definition 

3 holds in . 

 

Definition 7 

A triple  of bijecttions is called an isotopism of Loop  onto a loop  provided 

 for all . 

 

Definition 8 

An isotopism of  onto a loop  is called an autotopism of  and is denoted . 

 

Definition 9 

A permutation  of a loop  is called a Pseudo-automorphism of  provided there exists atleast 

one element , called a Companion of  such that 

 

for all  

 

MAIN RESULTS 

Theorem 1: 

Given an inverse property loop , with Nucleus . 

Claim1:  

The Nuclei   of  coincide with  . 

Proof Of Claim1: 

To proof claim 1, we shall need to show that 

i. An element   is in  

ii. N element  and hence  is in  

iii.  

Proof of Claim1i and ii: 

By definition 4: 

 iff for all  

 

 

 

So  is in  if and only if  

 

for all  

If this then holds it means that  

 
Iff  
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Iff 

 

Thus  and hence  is in . 

 

Proof of Claim 1iii: 

Using the proof of Claim1i and ii, we see that by symmetry , Now again from  

 

We see that if we multiply both sides by , we will have that: 

] 

]  

c=  

for all  

Again our goal is to show that  , so we shall here introduce some new elements so 

as to link the first two equalities to the third. 

So set  and . 

So that we now have  

]  

c=  

for all all  

With the above we see that the converse  
 

for all all b  also holds since  

 
Iff  

 
Iff 

 
 

And so by symmetry again we see that   nas required. 

 

Theorem 2: 

 is an autotopism  

Claim2: 

 is an autotopism  

Proof of Claim2: 

By definitions 9 and 10 we see that  

 

Therefore  is an autotopism. 

 

 

Theorem 3: 

A Pseudo-automorphism  with companion , induces an automorphism on . 
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Proof of Theorem 3: 

Assume  is as stated in the theorem, then by definition 4 and definition 9, we have 

 and  
 

for all  

We shall set the equation as  
 

So we can write: 

 

 
And since  

 
We have 

 

 

 

for all  

Now setting  we see that  

 

So setting  in eqution (1), we will have that : 

 

for all . 

Thus by equation (1), (2) and the property  we have that  

Similarly using the same steps as above we are able to see that  

 And finally by this result  and  definition 5 we conclude that  induces an 

automorphism of . Hence the proof. 

 

CONCLUSION 

This paper has succeded in simplifying major expressions in Brucks’s work and it is with hope 

that many more of such deep and detailed works will be presented to the populace. 
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